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Abstract
Aarts and Fokkink [Proc. Amer. Math. Soc. 126 (1998) 881] have shown that any homeomorphism
of the bucket handle has at least two fixed points. Using their methods, we determine the minimum
number of fixed points homeomorphisms on generalized one-dimensional Knaster continua can have.
We show that there is a class of these continua that admit homeomorphisms with a single fixed
point. Among the examples is one that shows that Theorem 15 in [Proc. Amer. Math. Soc. 126
(1998) 881] is incorrect. We also show that there are generalized Knaster continua on which every
homeomorphism has either uncountably many fixed points or uncountably many points of period
two.
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1. Introduction
Let α = (p1,p2, . . .) be a sequence of primes. Let Kα be the associated generalized
Knaster continuum. This is defined in Section 2 where background and notation are given.
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fixed points [5, p. 385, Problem 120]. In response to this question, Aarts and Fokkink [2]
proved the following theorem:
Theorem 1. A homeomorphism on the bucket handle has at least two fixed points.
In [2], the authors suggested that, in general, for a given prime p and any homeo-
morphism h :Kp → Kp , writing Kp for K(p,p,...), that the number of elements in the set
{x | hn(x) = x} is at least p · n [2, Theorem 15]. In Example 1 we exhibit a homeomor-
phism of Kp , p an odd prime, that has a single fixed point with all the other points being
of period two. This shows that Theorem 15 in [2] is false. In addition, we use the methods
of the authors in [2] to prove results (Theorems 2, 3, 7–9) giving minimal estimates for the
cardinalities of periodic orbits of the most general one-dimensional Knaster continua. The
following are our main results.
Theorem 2. Let p be a prime and let Kp = K(p,p,...). Let h :Kp → Kp be a homeomor-
phism. Then h2n has at least p2n fixed points.
When the Knaster continuum has two end points, it is conceivable that there exists a
rotational homeomorphism with a single fixed point at the center of rotation. This turns
out to be the case when p is odd. However, as we show later, the condition of having a
single end point is not necessary for a homeomorphism to have at least two fixed points.
We shall exhibit Knaster continua with one end point and homeomorphisms on them that
have a single fixed point.
For a given function f :X → X we use FPS(f ) to denote the subset of X that consists
of all the fixed points of f . Let α = (p1,p2, . . .) be a sequence of primes. For a given
prime p, mα(p) is the number of times p occurs in the sequence α. Of course, mα(p) can
take on the values 0 and ∞ as well as positive integers. By Kα we mean the generalized
Knaster continuum associated with the sequence of primes α.
We let fp :R → R denote the pth degree Chebychev polynomial. For a given complex
number z, the pth degree Chebychev polynomial assigns the real part z to real part of zp .
See Section 2.
Theorem 3. Let α = (p1,p2, . . .) be a sequence of primes and let h :Kα → Kα be a home-
omorphism. Let m be the cardinality of the set⋂
{p|mα(p)=∞}
FPS(fp). (1)
Then the cardinality of FPS(h2) is at least m.
The number m is obtained by solving a system of equations of the form fpi (x) = x, one
for each prime that occurs infinitely often in α. The number m can also be obtained in the
following way.
For a given prime p, the fixed points of fp are the real parts of the complex numbers
satisfying either zp = z or zp = z. Equivalently, zp−1 = 1 or zp+1 = 1.
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FPS(fp) =
{
cos
2πk
p + 1
∣∣∣ k = 1,2, . . .⌈p − 12
⌉}
∪
{
cos
2πk
p − 1
∣∣∣ k = 0,1, . . .⌊p − 12
⌋}
. (2)
For given primes p and q , the cardinality of FPS(fp) ∩ FPS(fq) is equal to the cardi-
nality of Fp ∩ Fq where for a given integer n,
Fn =
{
2k
n + 1
∣∣∣ k = 1,2, . . . ,⌈n − 12
⌉}
∪
{
2k
n − 1
∣∣∣ k = 0,1, . . . ,⌊n − 12
⌋}
, (3)
where x denotes the largest integer smaller than or equal to x and x	 is the smallest
integer larger than or equal to x.
We remark that our results depend on the fact that isotopies of the Knaster continua can
be lifted to isotopies of the covering solenoid. In [3] this fact was used and attributed to
Watkins whose proof does not seem to have been published. The proof in [1] for the case
of the bucket handle could be adopted to the general Knaster continua except that it is not
clear in a crucial detail. There is now a complete proof of this fact in [7].
2. Background and notation
2.1. Solenoids
Let α = (p1,p2, . . .) be a sequence of prime numbers with pk > 1 for all k  1. Define
the α-adic solenoid Σα as the inverse limit space of mappings z 
→ zpk , k = 1,2, . . . on the
complex circle S1 = {z ∈ C | |x| = 1}. We then denote
Σα = lim←
{
S1; z 
→ zpk} := {(zk)∞k=1 | zk = zpkk+1, k  1}. (4)
Then Σα is a closed connected subgroup of the product
∏∞
k=1 S1 and therefore a compact
Abelian topological group. We write z · w for the product of two of its elements z and w
and e for the identity element (1,1, . . .).
Let ρ :Σα → Σα denote the involution z 
→ z−1. The exponential covering map
exp(t) = e2πit from the real numbers R to S1 induces a one-to-one continuous homomor-
phism s :R → Σα . The image of this map is dense, i.e., s(R) = Σα where s(R) denotes
the closure of s(R) in Σα . Denote s(R) by Γ . Then Γ is a subgroup of Σα and is the
composant of the identity element e. All other composants are cosets of Σα modulo the
subgroup Γ . In particular, the composant of a point p ∈ Σα is p · Γ . It is well known that
Σα has uncountably many composants. Moreover,
Γ =
{(
exp
(
2πit
p1 · · ·pk
))∞
k=1
∣∣∣ t ∈ R}⊂ ∞∏
k=1
S1. (5)
We use addition, x + y, for the group operation in R.
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Define the α-adic Knaster continuum, Kα , as the quotient Σα by the relation ∼ where
x ∼ x′ if and only if x = x or x = x−1. Denote the quotient map by π :Σα → Kα .
By making these identifications, Kα is realized as the inverse limit of {I, fk}∞k=1 where
I = [−1,1] and fk is the Chebychev polynomial T (pk, x) of degree pk .
2.3. Chebychev polynomials
For a given complex number z, the nth degree Chebychev polynomial assigns the real
part z to real part of zn. If we write z = x + iy, then
T (p,x) = Re(zn)= p/2∑
k=0
(
p
2k
)
xp−2k
(
x2 − 1)k. (6)
Each fk has exactly pk monotonic laps on which fk is surjective onto the interval [−1,1].
Note that the Chebychev polynomials commute with each other. The even degree polyno-
mials are even and the odd degree Chebychev polynomials are odd.
3. End points in Knaster continua
The quotient π :Σα → Kα is two-to-one except at the elements of Σα such that x2 = e.
There are two cases.
Case 1. The sequence α contains infinitely many 2’s. In this case the identity element e is
the only element in Σα such that x2 = e.
Case 2. There are only a finite number of 2’s in α. In this case there are two solutions
to x2 = e. These are e and e∗ = (1, . . . ,1,−1,−1, . . .) where the number r of
the leading 1’s in the sequence is such that r = max{k | pk = 2}. In case all the
primes are odd, then there are no leading 1’s and e∗ = (−1,−1, . . .).
These two cases lead to the following observation.
Lemma 1. The Knaster continuum Kα has either one or two end points.
Example 1. Let p be any odd prime. Consider the homeomorphism g :Kp → Kp defined
by g(x1, x2, x3, . . .) = (−x1,−x2,−x3, . . .). Then g has the sole fixed point (0,0, . . .), and
all the other points are of period two so that g is a periodic homeomorphism of period two.
4. Homeomorphisms and automorphisms of the solenoid
Definition 1. Let α and β be infinite sequences of primes. We say α ∼ β if and only if a
finite number of primes can be deleted from both α and β so that the primes left in both
sequences occur the same number of times.
322 J. Keesling, V.A. Ssembatya / Topology and its Applications 153 (2005) 318–326The following classification was conjectured by Bing [4] and proved by McCord [8].
Theorem 4. Let α and β be infinite sequences of primes. Then α ∼ β if and only if the
solenoids Σα and Σβ are homeomorphic.
Definition 2. Let P ⊂ N be the prime numbers. Let α = (p1,p2, . . .) be a sequence of
primes. Define the multiplicity function mα :P → N ∪ {0} ∪ {∞} by letting mα(p) be the
number of the occurrences of the prime p in the sequence α. A prime p is recurrent in α if
mα(p) = ∞.
The proof of our main theorems and other results will easily follow from some back-
ground results which we now state.
The space Σα is a compact connected Abelian topological group. We first describe
Aut(Σα), the group of all topological group automorphisms of Σα with the compact open
topology. By Pontryagin duality, Aut(Σα) is isomorphic to the group of all automorphisms
of the dual, Σ∗α , of Σα . In turn, due to a theorem of Steenrod [6], Σ∗α is isomorphic to
Hˇ 1(Σα), the one-dimensional ˇCech cohomology with integer coefficients of the space
Σα . As mentioned above, Aut(Σα) is isomorphic to Aut(Σ∗α) since if η :Σα → Σα is
an automorphism of the Σα then there is an automorphism η∗ :Σ∗α → Σ∗α that is the dual
of the automorphism η. In particular, for a character ξ ∈ Σ∗α , η∗(ξ)(x) = ξ(η(x)), for
x ∈ Σα . So, we therefore have Aut(Σα) ∼= Aut(Σ∗α) ∼= Aut(Hˇ 1(Σα)). The groups Hˇ 1(Σα)
are well-known.
Theorem 5. Let α = (p1,p2,p3, . . .) be a sequence of primes and Σα be the α-adic
solenoid. Then Hˇ (Σα) is isomorphic to the group of α-adic rationals Qα where
Qα =
{
m
p
n1
k1
· · ·pnrkr
}
, (7)
where pk1,pk2 , . . . , pkr are primes from α and k1, k2, . . . , kr , n1, n2, . . . , nr are positive
integers and ni mα(pki ) for i = 1,2, . . . , r .
The automorphisms of Qα are easily calculated. This yields Lemma 2. See [6].
Lemma 2. Let n be the number of prime numbers p such that mα(p) = ∞. Then the group
Aut(Σα) of automorphisms of Σα is isomorphic to (a) Z2 if n = 0, (b) Z2 × Zn if n is a
positive integer, and (c) Z2 ×⊕∞n=1 Z if n is infinite.
4.1. Standard homeomorphisms of the solenoid
There are standard homeomorphisms that serve as the generators for Aut(Σα). Observe
that if p ∈ α and mα(p) = ∞, then the map ηp :Qα → Qα given by ηp(q) = p · q is
an automorphism. Note that if mα(p) = ∞, then the map is not invertible and cannot
be an automorphism. So, for each prime p ∈ α with mα(p) = ∞, ηp is a generator of a
copy of Z in Aut(Qα). The Z2 component is generated by the involution q 
→ −q on Qα .
Analogously, for the corresponding solenoid, Σα , the automorphisms induced by the maps
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→ zp on Σα is the corresponding generator of a copy of Z in Aut(Σα) and the involution
q 
→ q−1 on Σα generates the copy of Z2.
If a is a product of prime numbers from α each of which appears infinitely often in α,
we shall denote by ga the automorphism on Σα induced by the map z 
→ za . Write ga
b
for the composition ga ◦ g−1b , where a and b are both products of primes appearing infi-
nitely often in α. Recall that ρ :Σα → Σα is the involution on the solenoid. The standard
homeomorphisms of Σα will be either of the form ga
b
or of the form ρ ◦ ga
b
.
It follows from a theorem due to Scheffer [10] that every homeomorphism of Σα that
fixes the identity element is homotopic to an automorphism. In particular, every homeo-
morphism of Σα that leaves the identity element fixed, permutes the composants in exactly
the same way as one of the standard homeomorphisms. We note that the homotopies in this
case will be isotopies.
5. Lifting homeomorphisms from the Knaster continua to solenoids
Proposition 1. For any homeomorphism f :Kα → Kα there exists homeomorphisms
fˆ1, fˆ2 :Σα → Σα that are lifts of f , i.e., π ◦ fˆi = f ◦ π for i = 1,2.
Proof. See [7]. 
Note that Proposition 1 is not true for continuous maps due to a remarkable result by
Minc [9].
5.1. Lifting isotopies
Definition 3. Let g,h : (X,p) → (X,p) be homeomorphisms of the pointed space (X,p),
i.e., g(p) = h(p) = p. Then h and g are said to be isotopic to each other, if there exists a
map H :X×I → X such that H(·, t) :X → X is a homeomorphism for all t ∈ I , H(·,0) =
h, H(·,1) = g, and H(p, t) = p for all t ∈ I .
Theorem 6. Let H :Kα → Kα be an isotopy that fixes the end points of Kα . Then there
exists an isotopy H˜ :Σα × I → Σα such that H ◦ π = π ◦ H˜ .
Proof. Assume that H fixes the end points of Kα and consider the restriction of H to
K = Kα \ {end points}. We consider H to be an isotopy on K . Let Σα be the correspond-
ing solenoid and π :Σα → Kα the quotient. By Proposition 1 there is a homeomorphism
h˜0 :Σ → Σ that is the lift of h0 = H(·,0). Given (x, t) ∈ Σα × I , there is a path A that
connects (x, t) to (x,0). This is just the path x × [0,1]. Now H((π × idI )(A)) is a path
in K . By the unique path lifting property of π there is a unique path ω that begins at
h0(x) = H(x,0) that is the lift of H((π × idI )(A)). Define H˜ (x, t) to be the end point of
that path.
One can check that every level of H˜ is a homeomorphism and there are two possible
such H˜ ’s one for each of the two possible h˜0’s. 
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is the involution of Kα given in Example 1 which exchanges e and e∗. In this case g ◦
H(e, t) = Kα × I → Kα is an isotopy that keeps the end points fixed. This isotopy lifts
by Theorem 6. Note that one of the liftings of g to Σα will be an involution. Compose
the lifted isotopy with the lift of g that is an involution. By this means Theorem 6 is true
whether the endpoints of Kα are fixed or not.
Lemma 3. Let h :Kα → Kα be a homeomorphism. There are exactly two homeomorphisms
h˜1, h˜2 :Σα → Σα of the α-adic solenoid that are lifts of h.
Proof. By the previous theorem, h can be lifted to homeomorphisms h˜, ρ ◦ h˜ :Σα → Σα .
We shall show that these are the only lifts. The proof follows the argument in [2]. Suppose
first that h is the identity on Kα and let h˜ :Σα → Σα be a lift. Then Σα = {x | h˜(x) =
x} ∪ {x | h˜(x) = ρ(x)}, which is a union of two closed sets with intersection {e}. By the
connectedness of Σα \ {e} one of these sets must be empty. It follows therefore that either
h˜ = idΣα or h˜ = ρ. So, the statement is true in this case. Now for any other h, let h˜1, h˜2 be
lifts of h. If h˜ is a lift of the inverse of h, then both h˜1 ◦ h˜ and h˜2 ◦ h˜ are lifts of the identity
and the result follows. 
As in [2], the composant of a point p ∈ Σα is Γp = p · Γ and if C is a composant of a
point in Kα that does not contain an end point, then C lifts to two composants Γ˜ and ρ(Γ˜ )
in Σα . The proof of Lemma 13 in [2] can be adapted to any composant of Kα .
Lemma 4. If a homeomorphism on Kα has an invariant composant, it has a fixed point in
that composant.
5.2. Standard homeomorphisms of α-adic Knaster continua
Let p be a prime and let α = (p1,p2, . . .) be a sequence of primes. Let fp be the p-
degree Chebychev polynomial, then fˆp :Kα → Kα defined by
fˆp(x1, x2, x3, . . .) =
(
fp(x1), fp(x2), fp(x3), . . .
) (8)
determines a homeomorphism if and only if mα(p) = ∞. Let a be any positive integer
which is a product of primes with infinite multiplicities in α. Define fˆa analogously. Then
fˆa is a homeomorphism. Let fˆ a
b
= fˆa ◦ fˆ−1b . When Kα has two end points, the g of Exam-
ple 1 is also a homeomorphism. Homeomorphisms of the form fˆ a
b
or of the form g ◦ fˆ a
b
will be referred to as the standard homeomorphisms on Kα .
In each isotopy class of Kα , there is exactly one of these standard homeomorphisms.
Since isotopic homeomorphisms permute the composants the same way, they have to leave
the same number of composants invariant.
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Lemma 5. Let fp be the pth degree Chebychev polynomial, p ∈ P and let FPS(fp) be the
set of fixed points of fp in [−1,1]. Then {− 12 ,1} ⊆ FSP(fp) if and only if p = 3.
Proof. Let z = e 2πi3 and suppose p = 3, p ∈ P. Then either p ≡ 1 mod 3 or p ≡ 2 mod 3.
Suppose that p ≡ 1 mod 3. Then for some integer k > 1, zp = e 2πpi3 = e 2π(3k+1)i3 = e2πki ·
e
2πi
3 = z. Since Re(z) = − 12 , it follows that fp(− 12 ) = − 12 . Suppose on the other hand that
p ≡ 2 (mod 3). Then for some integer k  0, zp = e 2πpi3 = e 2π(3k+2)i3 = e2πki · e 4πi3 = e− 4πi3
and Re(e
4πi
3 ) = − 12 and therefore fp(− 12 ) = − 12 . Since 1p = 1 for every p, the result
follows. 
Proof of Theorem 2. Observe that if h is isotopic to either the identity or to the map g of
Lemma 1. Thus, h has either uncountably many fixed points or uncountably many points
of period two. In either case the result is true. So, assume without loss of generality that h
is isotopic to some power k  1 of one of the standard homeomorphisms, fˆpk or g ◦ fˆpk . In
either case h2n is isotopic to fˆp2kn . Since the Chebychev polynomial fp2kn has p2kn fixed
points and each one of them generates a fixed point of fˆp2kn . As in [2], each of these fixed
points lies in a different composant. The result follows by setting k = 1 for the minimum,
and applying Lemma 4. 
Proof of Theorem 3. Each element of⋂
{p|mα(p)=∞}
FPS(fp) (9)
corresponds to a fixed point of each of the standard homeomorphisms of the form fˆ a
b
and h2 is isotopic to one of these. As in the proof of Theorem 2, apply Lemma 4 for the
result. 
Theorem 7. Let α be any sequence of primes such that mα(3) is finite. Let h be any home-
omorphism of Kα . Then h has at least two fixed points.
Proof. In view of Theorem 5, we may assume mα(3) = 0. By the previous lemma, if
p ∈ α, then fˆp(− 12 ) = − 12 . It follows therefore that ξ = (− 12 ,− 12 ,− 12 , . . .) ∈ Kα . Let Γξ
be the composant of ξ . We shall show that every homeomorphism leaves this composant
invariant. It is enough to show that the standard homeomorphisms leave this composant
invariant.
Let fˆ a
b
be a standard homeomorphism. Since ξ is a fixed point for all Chebychev
polynomials of prime degree (except the Chebychev polynomial of degree three), ξ is a
fixed point of fˆa and of fˆ−1b . Therefore ξ is a fixed point for fˆ ab . Observe that the point
1ˆ = (1,1,1, . . .) is another fixed point and that the composant of 1ˆ and each of the other
Γξ ’s are distinct. The result then follows from Lemma 4. 
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for all p. Then every homeomorphism of Kα has either uncountably many fixed points or
uncountably many points of period two.
Proof. There are only two isotopy classes of Kα corresponding to the identity and the
involution g of Example 1. The identity leaves uncountably many composants invariant
and g2 = Id. 
The following theorem shows that the requirement for a Knaster continuum to have
exactly one end point is not sufficient for every homeomorphism on that Knaster continuum
to have at least two fixed points.
Theorem 9. Let α = (p1,p2,p3, . . .) be a sequence of primes, such that mα(3) = mα(2) =
∞. Then there exist a homeomorphism h :Kα → Kα with exactly one fixed point.
Proof. Define h by (x1, x2, x3, . . .) 
→ (f2(x1), f2(x2), f2(x3), . . .) where f2(x) = 2x2−1.
One can easily check that h is a homeomorphism. Clearly, (1,1,1, . . .) is a fixed point of
h. We shall show that this is the only fixed point.
Suppose (f2(x1), f2(x2), f2(x3), . . .) = (x1, x2, x3, . . .). Then xi ∈ {− 12 ,1} = FSP(f2)
for all i. Choose k such that pk = 3 in α. Then xk = 1 since f−13 (− 12 ) ∩ {− 12 ,1} = ∅. It
follows that xi = 1 for all i  k. Since there are infinitely many such k’s, xi = 1 for all i.
So, h has a single fixed point. Thus h is the required homeomorphism. 
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